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The spin dynamics of a harmonically trapped Bose–Einstein condensed binary mixture of sodium
atoms is experimentally investigated at finite temperature. In the collisional regime the motion of
the thermal component is shown to be damped because of spin drag, while the two condensates
exhibit a counterflow oscillation without friction, thereby providing direct evidence for spin super-
fluidity. Results are also reported in the collisionless regime where the spin components of both
the condensate and thermal part oscillate without damping, their relative motion being driven by a
mean-field effect. We also measure the static polarizability of the condensed and thermal parts and
we find a large increase of the condensate polarizability with respect to the T=0 value, in agreement
with the predictions of theory.
In the last years, spin-superfluidity and spin-transport
phenomena have attracted a great interest in the commu-
nity of condensed matter physics from both the experi-
mental and theoretical point of view [1]. Even in systems
where spin is conserved, the behavior of spin transport
is highly nontrivial since, at finite temperature, collisions
between different spin species yield relaxation of the spin
current, a phenomenon known as spin drag. So far the
study of superfluidity at finite temperature has mainly
concerned the density channel, where both the number
of particles and total current are conserved. A major
consequence is that, in the collisional regime, sound can
propagate both in the superfluid phase, where it takes
the form of first and second sound, as well as in the nor-
mal phase (ordinary sound). In the presence of collisions,
spin sound can instead propagate only in the superfluid
phase, so that its observation, in this case, can be consid-
ered as an ultimate proof of spin superfluidity. In fact,
the propagation of spin sound in the collisionless regime
is consistent with superfluidity, but can be predicted also
in the normal phase as a consequence of mean-field in-
teractions (see, for instance, the propagation of sound
in a normal Fermi liquid [2]). Actually the equations of
hydrodynamics applied to a superfluid quantum mixture
predict the propagation of three sounds [3, 4]: pressure,
temperature and spin sound (see [5] for a recent applica-
tion of three-velocity hydrodynamic theory to Bose–Bose
mixtures).
The dynamic behavior of multicomponent quantum
gases has been extensively investigated in the last years
(see, for example, [6] for a review on spinor Bose gases).
Experiments on spin dynamics have been carried out in
gases occupying two different hyperfine states, [7–15], in
larger spinor systems [16–21], as well as in mixtures of
different isotopes or atomic species [22–25]. Theoretical
activity in these systems has also become very popular
(see, for example, [5, 26–37]). Spin-drag phenomena have
been experimentally investigated in the unitary Fermi gas
[38–40], in Bose gases [41], in Bose–Fermi mixtures [42],
as well as in two-dimensional Fermi gases [43, 44]. The
role of spin polarization on the stability of supercurrents
[45] and the counterflow instability in Bose–Fermi [25]
and in Bose–Bose [21, 46] mixtures have also been exper-
imentally investigated.
In this Letter, we experimentally study the spin-dipole
oscillation and the role of collisions at finite temperature.
The main result of our work is the observation of un-
damped spin oscillations in the collisional regime. This
observation actually provides direct evidence of spin su-
perfluidity.
We consider a symmetric BEC mixture of the |mF =
+1〉 ≡ |↑〉 and |mF = −1〉 ≡ |↓〉 components of the
F = 1 hyperfine ground state of sodium atoms, con-
fined in a harmonic trap. Differently from most of the
quantum mixtures so far investigated in the literature,
our sodium mixture is characterized by an almost per-
fect symmetry between the two components, both in
terms of the number of atoms occupying the two hyper-
fine states, the confining potential and the intraspecies
interaction. Furthermore the mixture is fully-miscible,
not subject to buoyancy and is close to the miscible-
immiscible phase transition since (a−a↑↓)/a = 0.07 1,
with a ≡ a↑↑ = a↓↓ = 54.54(20)a0 and a↑↓ = 50.78(40)a0
[47], a0 being the Bohr radius. This mixture, then, rep-
resents an ideal system to investigate the effects of spin
superfluidity. The zero temperature behavior of the spin-
dipole oscillation was investigated in [14]. Here, we re-
port results at finite temperature, both in the collisional
and in the collisionless regimes, which are experimen-
tally realized by varying the frequencies of the trapping
potential. We prove that in both regimes the mixture
is able to support undamped spin oscillations. Further-
more, the vicinity to the miscible-immiscible phase tran-
sition is associated with a strong coupling between the
two spin clouds. In addition to the softening of the spin-
dipole oscillation frequency and the sizable increase of
the static spin polarizability, that were already observed
at zero temperature [14], the vicinity to the phase transi-
ar
X
iv
:1
70
8.
03
92
3v
2 
 [c
on
d-
ma
t.q
ua
nt-
ga
s] 
 27
 M
ar 
20
18
2FIG. 1. Computed atomic density distribution n↑,↓(x, 0, 0) of
the binary mixture at finite temperature showing the compo-
nent ↑ (violet) and ↓ (green), each one of these being com-
posed of a superfluid (top) and a thermal part (bottom). (a)
In the absence of any external force the centers of mass of all
four components overlap. (b) In the presence of a differential
force F↑,↓, the condensed part shows a large positive polar-
ization, while the thermal component interacting with the
condensate is polarized in the opposite direction. The ther-
mal part lying outside the BEC region has a small positive
polarization.
tion causes a further important amplification of the spin
polarization of the superfluid component due to the in-
teraction with the thermal part.
We start with an equally populated mixture of the
↑, ↓ states [14, 48] with N↑ = N↓ ' 4× 105 (with a spin
imbalance fluctuation smaller than 10%) and consider
two different trap geometries: (A) a crossed optical
trap with frequencies [ωx, ωy, ωz] /2pi = [87, 330, 250] Hz
and (B) a single-beam optical trap with frequencies
[ωx, ωy, ωz] /2pi = [12, 1350, 1350] Hz. Using parametric
heating, we can adjust the condensed fraction of the
mixture, i.e., the ratio between the total number of
atoms in the condensates N0 and the total number of
atoms N = N↑+N↓. A major difference between the two
configurations is that, in the long axial direction, config-
uration (A) is basically characterized by a collisionless
regime (ωxτ↑↓  1), while configuration (B) by a more
collisional one (ωxτ↑↓ ∼ 1). The difference is not due to
significant changes in the density, but rather in the value
of ωx. The collisional time between the ↑, ↓ components
can be estimated employing the classical expression for
τ↑↓, with the density calculated in the center of the trap
at T = Tc [48]. We estimate ωxτ↑↓ of a few tens in
configuration (A) and of order unity in configuration (B).
Spin dynamics. The spin oscillation is excited by ap-
plying a magnetic field gradient B′x for a few ms. This
generates a small force F↑,↓ = ±gFµBB′x (gF is the Lande´
factor, µB the Bohr magneton) that tends to separate the
two components, as illustrated in Fig. 1. Such a proce-
dure leaves the total center of mass at rest and gives rise
to time-varying spin displacements
S0 ≡ x0↑ − x0↓, ST ≡ xT↑ − xT↓ ,
of both the condensed S0 and the thermal part ST , where
x0↑,↓ and x
T
↑,↓ are the centers of the atomic distribution of
the condensed and thermal components of the ↑, ↓ density
distributions. In the experiment, we are able to study the
dynamics of such four-fluid system by monitoring each of
the four components to reconstruct S0 and ST as a func-
tion of time. The amplitude of oscillation of {S0, ST } is
smaller than the Thomas–Fermi radius Rx of the cloud
[for a fully Bose–Einstein condensed mixture at T = 0,
Rx = 25µm for configuration (A) and Rx = 230µm
for (B)]. The two spin states are separately imaged after
a Stern–Gerlach expansion in a magnetic field gradient
along z, which allows us to extract the centers of mass of
the four components of the fluid
{
x0↑, x
0
↓, x
T
↑ , x
T
↓
}
[48].
The spin dynamics of the condensate is shown in Fig.
2a and 2b at relatively high values of T/Tc, correspond-
ing to N0/N ∼ 0.3 and N0/N ∼ 0.4, respectively. The
figure shows that the condensate, in the presence of a
large thermal component, exhibits spin oscillations with-
out visible damping in both collisionless (A) and colli-
sional (B) regimes. The absence of friction near the BEC
border, where the Landau critical velocity is vanishingly
small, is due to the fact that the spin velocity, during the
spin-dipole oscillation, is strongly suppressed near the
surface of the condensate (see Fig.1b), differently from
what happens in the rigid motion of the center-of-mass
oscillation, and in agreement with the Steinwedel–Jensen
model for the isospin oscillations of nuclear physics [49].
The measured frequencies (ωSD = 0.205(2)ωx in (A)
and ωSD = 0.233(5)ωx in (B)) differ by about 6% from
the value reported in Ref. [14] at very low temperatures
(ωSD = 0.218(2)ωx) and by 7% (A) and 20% (B) from
the value ω0SD =
√
(a− a↑↓)/(a+ a↑↓)ωx = 0.19(2)ωx
[50], predicted by hydrodynamic theory of superfluids at
T = 0 [51].
The thermal component, instead, behaves very differ-
ently in the two regimes. In the collisionless regime (A),
after a transient of damped oscillations, it oscillates at
the same spin-dipole frequency of the condensate, but
with opposite phase and a smaller amplitude (see Fig.
2a), the ratio between the thermal and the condensed
amplitudes being 0.18(2). In the collisional regime (B),
the thermal part is instead strongly damped and quickly
reaches an equilibrium position, where both spin ther-
mal components are at rest in the center of the trap (see
Fig. 2b) [52].
In Fig. 2, we report the results for spin dynamics above
Tc, as well. In configuration (A) the cloud exhibits sev-
eral oscillations before relaxing, thus revealing that col-
lisions are not very strong (Fig. 2c). Viceversa, in the
collisional regime (B), the behavior is diffusive, suggest-
ing an overdamped spin oscillation (Fig. 2d). A similar
spin-drag effect was observed in the Bose-Fermi mixture
of [42], as well as in a Bose gas above Tc in [41]. From
our experimental data, we extract ωxτ = 11(2) for (A)
and ωxτ = 1.2(4) for (B). These measurements are in
agreement with the theoretical estimates of ωxτ↑↓ given
3FIG. 2. (a) Spin oscillations for the thermal ST (red) and condensed S0 (blue) parts of the mixture with N0/N = 0.3
(T/Tc ' 0.85) for configuration (A). After a small transient period, ST oscillates at ωT = 0.207(2)ωx which turns out to be
equal, within errorbars, to the oscillation frequency of S0, ωSD = 0.205(2)ωx. The ratio of the oscillation amplitude of ST
and S0 is 0.18(2). (b) Spin oscillations for the condensed and the thermal {S0, ST } parts for a mixture with N0/N = 0.4
(T/Tc ' 0.75) in configuration (B). The condensed component oscillates at ωSD = 0.233(5)ωx, while the thermal relative
motion is quickly damped. We measure an exponential decay of ST corresponding to ωxτ = 1.5(6). (c) Thermal spin current
ST for a non-superfluid mixture (above Tc) in configuration (A) where we observe a few damped oscillations at the trap
frequency ωx with an exponentially decaying envelope from which we extract the decay lifetime, and obtain ωxτ = 11(2). (d)
Same measurement for configuration (B) where we observe a purely exponential decay and extract ωxτ = 1.2(4), compatible
with the measurement of τ below Tc. To maintain a roughly constant condensed fraction during the measurement, we limit
the observation time to the first 500 ms after excitation. This explains why, due to the different trapping frequency ωx, more
oscillations are shown for configuration (A) than for (B).
earlier in the Letter.
Finally, it is worth pointing out that the behavior of
the spin-dipole oscillations is very different with respect
to the center-of-mass motion, where both the condensed
and thermal parts oscillate in phase without damping at
the frequency ωx/2pi [48], independent of the presence of
collisions.
Spin-dipole polarizability. The counter-phase oscilla-
tion of the thermal component observed in the collision-
less regime (see Fig. 2a) can be physically understood by
investigating the behavior of the spin-dipole polarizabil-
ity of the gas at finite temperature, employing the mean
field Hartree–Fock theory [53] in the presence of a static
spin-dipole constraint of the form −mω2xx0xσz (σz is the
third Pauli matrix). This additional potential generates
a force acting on the two spin components in opposite
directions (F↑,↓ = ±mω2xx0), x0 being the displacement
of the trap minimum for each component. By neglecting
interaction effects induced by the thermal component on
the condensate, as well as thermal-thermal interactions,
and using the Thomas–Fermi approximation for the con-
densate, one obtains the following result for the spin den-
sity s0z = n
0
↑ − n0↓ of the condensate [50]:
s0z = −x0
a+ a↑↓
a− a↑↓
∂n0
∂x
. (1)
For the spin density sTz = n
T
↑ − nT↓ of the thermal com-
ponent one instead finds the results
sTz = −x0
a+ a↑↓
a− a↑↓
∂nT
∂x
(2)
inside the spatial region occupied by the condensate,
where the thermal part feels interaction effects, and
sTz = −x0
∂nT
∂x
(3)
outside. In the above equations, n0 and nT are the equi-
librium condensate and thermal total densities, respec-
tively. The corresponding contribution to the spin-dipole
polarizability is then obtained by integrating the quan-
tities xs0z and xs
T
z . These results show that the spin
polarization of the inner thermal atoms (see Eq. (2)) is
amplified by the same large factor (a+ a↑↓)/(a− a↑↓) as
for the condensate. The corresponding polarization ef-
fects have however opposite signs, the density derivative
of the condensate, at equilibrium, being opposite to the
one of the inside thermal component (see Fig. 1).
For higher temperatures, interaction effects of the ther-
mal component on the condensate can no longer be ne-
glected. The behavior of the spin polarization can be ex-
plored more accurately, by solving in a consistent way the
4FIG. 3. (a) Static spin-dipole polarizability as a function of
temperature showing, respectively, the different contributions
from the superfluid (blue), the thermal component (red) and
the total one (black). (b) The thermal part lying in the re-
gion occupied by the superfluid has a negative polarization
(green) whereas the outer part has a small positive polariza-
tion. The calculation has been performed for the two different
configurations (A) (solid) and (B) (dashed). The static polar-
izabilities measured for N0/N = 0.4 are also shown and well
agrees with the predictions of theory.
coupled Hartree–Fock equations for the condensate and
for the thermal part [48]. Figure 3 shows the resulting
predictions for the condensate and thermal contributions
to the spin polarizability, which are respectively defined
as P0 = (
∫
xs0zdr)/N0 and PT = (
∫
xsTz dr)/NT . The
figure reveals the occurrence of a large enhancement of
P0 with respect to the T = 0 case, which is caused by
the interaction with the inside thermal component and
is strongly enhanced by the smallness of (a − a↑↓). The
resulting values for the temperature dependence of the
polarization of the condensate, as well as of the total po-
larization, Ptot = (N0P0 + NTPT )/N , turn out to be
practically the same in the regimes (A) and (B) consid-
ered in this work. Despite the large increase of P0, the
total polarization Ptot turns out to be practically inde-
pendent of T in a wide range of temperatures. The above
discussion suggests that, in the collisionless regime, the
thermal atoms are locked to the condensate and oscil-
late in opposite phase in the spin-dipole dynamics. In
the collisional regime (Fig. 2b), instead, the thermal part
quickly relaxes to equilibrium, because of spin drag.
Using the experimental method introduced in Ref. [14]
we measure the static spin polarizability for the trap
geometry (B) and identify the contributions that arise
from the condensate and from the thermal part. Starting
with both ↑, ↓ components perfectly overlapped in the
harmonic potential, we apply a slowly increasing force
F↑,↓ to each component that eventually shifts their
trap minima by ±x0. In this way the global center of
mass is unaffected, while the superfluid and thermal
spin components acquire finite relative displacements
{S0, ST }. The spin polarizability of the condensed
and thermal fractions {P0 ≡ S0/(2x0),PT ≡ ST /(2x0)}
are extracted in the linear regime, i.e., for values of
FIG. 4. Measured spin displacements {S0, ST } for the ther-
mal (red) and condensed components (blue) of the mixture
as a function of x0 for N0/N = 0.4 for configuration (B).
From such data, we extract {P0,PT } using a linear fit to
the data in the linear region around the origin. We obtain
{P0 = 56(8),PT = −3(3)}.
{S0, ST } much smaller than the Thomas–Fermi radius
of the condensed component [14, 50]. Figure 4 shows
the spin displacements {S0, ST } of the thermal and
condensed components of the mixture as a function of
x0 for N0/N = 0.4. From this data, we extract the
polarizability by performing a linear fit around the
origin. The region where we fit the data to extract the
value of the polarizabilities corresponds to the small
x0 linear regime (Rx = 230µm is the Thomas–Fermi
radius along x). The analysis of the data points out the
occurrence of a large polarization of the condensate, in
accordance with the predictions of theory (see Fig. 3).
In conclusion, we have investigated the spin dynamics
and the spin polarizability of a superfluid Bose–Bose mix-
ture at finite temperature. Our results reveal the occur-
rence of undamped spin oscillations, which are observed
not only in the collisionless regime, where the mean field
drives a counter-phase oscillation of the thermal part,
but also in the presence of strong collisions, which are
responsible for the relaxation of the thermal component,
because of spin drag. The absence of friction of the spin
motion in the collisional regime provides a direct proof
of the spin superfluid nature of the system. We have
also shown that, thanks to the vicinity to the miscible-
immiscible phase transition, the interaction between the
two spin clouds causes, at finite temperature, a large in-
crease of the polarizability of the condensate with respect
to the T = 0 value. Natural generalizations of the present
work concern the study of persistent spin currents in ring
geometries and the propagation of spin sound waves and
magnetic solitons [54].
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7SUPPLEMENTAL MATERIAL
Experimental procedure
In the experiment, we use a symmetric mixture of the
|F,mF 〉 = |1,+1〉 ≡ |↑〉 and |1,−1〉 ≡ |↓〉 states of ultra-
cold 23Na atoms that are confined either in (A) a crossed
optical dipole trap with frequencies [ωx, ωy, ωz] /2pi =
[87, 330, 250] Hz or in (B) a single-beam optical trap with
frequencies [ωx, ωy, ωz] /2pi = [12, 1350, 1350] Hz. The
magnetic fields along the three spatial directions are cal-
ibrated with a precision of 1 mG using RF spectroscopy
techniques. We start with a fully polarized Bose–Einstein
condensate in |↓〉. The first step towards the creation of
the spin mixture is to perform a Landau–Zener transition
to the |1, 0〉 state with nearly 100 % transfer efficiency.
This is realized at a magnetic field of 100 G to isolate a
two-level system exploiting the quadratic Zeeman shifts.
The second step consists in inducing a Rabi oscillation
among the three Zeeman sublevels to obtain a 50/50 spin
mixture of |↓〉 and |↑〉 [14, 20]. The bias field along xˆ is
taken small enough to allow us to neglect the quadratic
Zeeman shifts compared to the Rabi frequency and is
kept on during the whole experimental sequence follow-
ing the Rabi pulse. The number of atoms in each spin
component is N↑ = N↓ ' 4× 105. In order to prevent the
decay of the mixture to |1, 0〉 by spin changing collisions,
we lift this level by ∼ h × 1 kHz using blue detuned mi-
crowave dressing on the transition to |2, 0〉. In this way,
we deal with a stable two-component system |↑〉 and |↓〉
.
The sample is heated using parametric excitation at
twice the trapping frequency along the radial direction.
We adjust the number of cycles of the warm-up procedure
(at fixed amplitude) to control the temperature between
650 nK and 1µK, while the condensed fraction varies
from 40 % to 0 % (fully thermal sample). An important
experimental aspect is that the dipole trap should be
deep enough to prevent any evaporation during the heat-
ing process. We check this point by monitoring the total
atom number after the heating procedure and verify that
it is conserved. To distinguish between the center of the
atomic distribution of the condensed (x0↑,↓) and thermal
(xT↑,↓) part we use a bimodal fitting function with inde-
pendent centers for the two distributions. Taking into
account the integration along the imaging probe direc-
tion and the time of flight, the resulting distributions are
well described by a Gaussian and a Thomas–Fermi func-
tion for the thermal and condensed density profiles re-
spectively. All the images are taken performing a Stern–
Gerlach expansion for a few ms (3 ms for configuration
(A) and 7.5 ms for (B)) which does not affect the correct
estimation of x0↑,↓ and x
T
↑,↓.
In a complementary experiment, we excite and monitor
as a function of time the center of mass of the condensed
FIG. 5. Dynamics of (a) the center of mass and of (b) the spin
dipole current for the thermal and condensed components in
configuration (B) with N0/N = 0.4.
and thermal part
D0 ≡ x0↑ + x0↓, DT ≡ xT↑ + xT↓ ,
which are related to the density current. The data of this
experiment carried out in configuration (B), are shown in
Fig. 5 where we also report for comparison the oscillation
of the spin-dipole mode already reported in Fig. 2 of the
Letter. The density current presents a completely dif-
ferent behavior with respect to the spin dynamics, being
undamped for both the condensed and thermal fraction
in the most collisional regime (B) as reported in Fig. 5.
The collisional time τ↑↓ between the thermal ↑ and ↓
components is evaluated using the following expression:
1/τ↑↓ = nT↑↓σ↑↓vrel,
where nT↑↓ =
[
mω¯2/(2pikB)
]3/2
N↑↓T−3/2 is the peak
density of the thermal distribution, σ↑↓ = 4pia2↑↓ is
the cross section of two distinguishable particles and
vrel =
√
8kBT/(pimr) is their average relative velocity
(N↑↓ = N/2, mr = m/2 is the reduced mass and
ω¯ = (ωxωyωz)
1/3).
Sum rules and spin-dipole oscillation frequency
A useful estimate of the spin-dipole frequency is pro-
vided by the ratio
~ωSD =
√
m1(SD)
m−1(SD)
, (4)
8between the energy weighted and inverse energy weighted
moment of the spin-dipole dynamical structure factor
SSD(ω) = Q
−1∑
m,n
e−En/kBT |〈n|SD|m〉|2δ(~ω − ~ωnm)
(5)
where SD =
∑
k xkσ
k
z is the spin dipole operator,
ωnm = (En − Em)/~ are the Bohr frequencies and
Q =
∑
m e
−Em/kBT is the usual partition function. The
energy weighted moment is model independent and given
by the Thomas-Reich-Kuhn sum rulem1 = N~2/2m [53].
The inverse energy weighted moment is instead related
to the dimensionless static spin-dipole polarizability Ptot,
fixed by the ratio between the induced spin displacement
of the atomic cloud and the separation 2x0 of the two
harmonic traps, through the equation [50]
m−1(SD) =
NPtot
2mω2x
. (6)
In the absence of interaction between opposite spins, one
has Ptot = 1. As discussed in the main tex, the lin-
ear polarizability can be calculated carrying out a static
Hartree–Fock calculation in the presence of a small exter-
nal static constraint, proportional to the spin-dipole op-
erator. The calculation can be done both at T = 0, where
it corresponds to the solution of the Gross-Pitaevskii
equation, and at finite temperature (see next section)
At zero temperature the resulting estimate
ωSD = ωx/
√
Ptot (7)
for the spin-dipole frequency turns out to be very
accurate because the collective state practically exhausts
the sum rules m1 and m−1, the dynamic structure factor
being characterized by a single peak. This was well
confirmed by the experiment of [14]. The experimental
results of Fig. 2 suggest that also at finite temperature
the excitation spectrum is basically characterized by
a single collective frequency. So it is not a surprise
that the ratio (7) provides a reasonable estimate of the
observed collective frequency also at finite temperature.
Static spin-dipole polarizability
The condensed order parameters Ψj (j =↑, ↓), in the
presence of the spin displacement of the external poten-
tials V↑ = Vho(x−x0, y, z) and V↓ = Vho(x+x0, y, z), sat-
isfy, at equilibrium, the following Gross-Pitaevskii equa-
tions:
µΨj =
[
− ~
2
2m
∇2 + U0j
]
Ψj (8)
where U0j is the effective potential felt by the condensate
of the j-th component
U0↑ = V↑ + g(n
0
↑ + 2n
T
↑ ) + g↑↓(n
0
↓ + n
T
↓ ) (9)
U0↓ = V↓ + g(n
0
↓ + 2n
T
↓ ) + g↑↓(n
0
↑ + n
T
↑ ) (10)
with g = 4pi~2a/m and g↑↓ = 4pi~2a↑↓/m. The con-
densate densities are given by n0j = |Ψj |2 and we have
assumed N↑ = N↓. The thermal atom densities are de-
termined by the semi-classical equation
nTj (r) =
1
(2pi~)3
∫
dpfj(p, r, t) , (11)
where the Wigner distribution function of the thermal
atoms is given by
fj(p, r, t) = {eβ[p2/2m+UTj −µ] − 1}−1 , (12)
the potentials for the thermal normal fluid are
UT↑ = V↑ + 2g(n
0
↑ + n
T
↑ ) + g↑↓(n
0
↓ + n
T
↓ ) (13)
UT↓ = V↓ + 2g(n
T
↓ + n
T
↓ ) + g↑↓(n
0
↑ + n
T
↑ ) (14)
In terms of the Bose function
g3/2(z) =
2√
pi
∫ ∞
0
dx
√
x
z−1ex − 1 (15)
Eq. (11) then reduces to
nTj = g3/2(zj)/λ
3
T (16)
where λT =
√
2pi~2/(mkBT ) is the thermal De Broglie
wavelength and
zj = exp[(µ− UTj )/kBT ] (17)
is the local fugacity of each spin component. We solve the
above coupled equations to find the ground state density
distributions for the condensate and thermal atoms in the
presence of the displacement 2x0 of the two harmonic
traps and thus obtain the polarizability of the system
as a function of x0 and temperature T . The results for
the linear polarizabilities of the condensate and of the
thermal part are reported in Fig. 3 of the main text.
From the above equations it is straightforward to de-
rive the results (1-3) reported in the main text of this
Letter and holding at low temperature. To this purpose
we apply the Thomas-Fermi approximation for the con-
densate wavefunction and neglect the interaction between
the condensate and the thermal component in the Gross-
Pitaevskii equations (9,10) for the condensate. This
straightforwardly yields result (1) for the spin density
of the condensate s0z = n
0
↑−n0↓. For the thermal part one
instead finds the result
sTz = n
T
↑ − nT↓ = −
1
kBTλ3T
z
∂g3/2(z)
∂z
2g
g − g↑↓mω
2
xx0 .
in the inside region where the thermal part interacts with
the condensate. On the other hand, in the absence of the
spin-dipole external perturbation, one finds
∂nT
∂x
=
1
kBTλ3T
z
∂g3/2(z)
∂z
2g
g + g↑↓
mω2xx0 ,
so that Eq. (2) is immediately recovered. In analogous
way one derives result (3) for the spin polarization of
the outermost thermal component.
